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In this note, we consider the multiresolution analysis of $L^{2}(\mathrm{R}^{n})$
with lattice basis and wavelet basis associated with it. Our main
results are Theorem $1,\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{z}\mathrm{i}\mathrm{n}\mathrm{g}$ orthonormal basis of $V_{j}$ and
Theorem 2, ’ characterizing wavelet basis.
Let $A\in GL(n;\mathrm{R}^{\iota}’)$ and define
$\Gamma=\Gamma_{A}=\{Ak;k \in \mathbb{Z}^{\iota}’\}$ .
Let $A=$ $(\urcorner a , \varpi, \cdots, arrow_{a_{||}})$, where $\frac{\iota}{a_{1}^{\mathrm{r}}}(i=1,2, \ldots, n)$ are column
vectors in $\mathbb{R}^{n}$ .
We call $arrow\alpha’s$ a bcnsis of the lattice. Let $Q_{n}=[0, 1]^{n}$ and
$\Omega_{A}=\sum_{j=1}^{n}t_{j^{arrow a_{f};(t_{1}}}$, $\cdots,t_{n})\in Q_{n}$ .
Let $A^{*}\in GL(n;\mathrm{R})$ be such that $A^{t}A^{*}=E_{n}$ and
$\Gamma^{*}=\Gamma_{A^{\mathrm{s}}}=\{A^{*}k;k \in \mathbb{Z}^{n}\}$ .
We call $\Gamma^{*}$ the dual lattice of the lattice $\Gamma_{A}$ .
1245 2002 92-101
92
Definition 1A mvltiresolution analysis of $L^{2}(\mathbb{R}^{n})$ is
a collection of closed subspaces $V_{j}(j\in \mathbb{Z})$ of $L^{2}(\mathbb{R}^{n})$ such that
(1) $V_{j}’s$ are increasing and $\bigcap_{j\in \mathrm{Z}}V_{j}=\{0\}$ , $\overline{\bigcup_{j\in \mathrm{Z}}V_{j}}=L^{2}(\mathbb{R}^{n})$
(2) $f(x)\in Vj\Leftrightarrow f(2x)\in V_{j+1}$ , where $x\in \mathbb{R}^{n}$
(3) $f\in L^{2}(\mathbb{R}^{n})$ belongs to $V_{0}if$ andonly $iff(x-\gamma)\in V_{0}$ for any $\gamma\in\Gamma$
(4) There exists $g\in V_{0}$ such that $\{g(x-\gamma);\gamma\in\Gamma\}$ is a Riesz basis
of $V_{0}$ .
The above condition (4) means that there exist constant,
$C_{1}$ , $C_{2},0<C_{1}\leq C_{2}$ such that for any sequence of scalar$s$ $a(\gamma)$ ,
$\gamma\in\Gamma$ ,
$C_{1} \sum_{\gamma\in\Gamma}|a(\gamma)|^{2}\leq||\sum_{\gamma\in\Gamma}a(\gamma)g(x-\gamma)||^{2}\leq C_{2}\sum_{\gamma\in\Gamma}|a(\gamma)|^{2}$ .
The Fourier transform of $f(x-\gamma)$ , $\gamma\in\Gamma$ is
$f(x\overline{-\gamma)}(\xi)=\exp(-\sqrt{-1}\xi\cdot\gamma)\overline{f(\xi)}$
For $\phi$ $\in V_{0}$ , let
$( \frac{1}{2})^{n}\mathrm{B}\varphi(\frac{x}{2})=\sum_{\gamma\in\Gamma}a(\gamma)\varphi(x\underline{\mathrm{c}}\gamma)$ .




The function $m_{0}(\xi)$ is $2\pi\Gamma^{*}$ –periodic and $\overline{\varphi(2\xi)}=m_{0}(\xi)\overline{\varphi(\xi)}$ .
For $f_{1}(x)$ , $f_{2}(x)\in L^{2}(\mathbb{R}^{\dot{n}}),\mathrm{a}\mathrm{n}\mathrm{d}\gamma_{1}$ , $\gamma_{2}\in\Gamma$ , we have aformula
$<f_{1}(x-\gamma_{1})$ , $f_{2}(x- \gamma_{2})>=(\frac{1}{2\pi})^{n}<\exp(-\sqrt{-\mathrm{I}}\xi\cdot(\gamma_{1}-\gamma_{2}))\hat{f}_{1},\hat{f}_{2}>$
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Lemma 1For $\gamma\in\Gamma$ , we have a formula
$( \frac{1}{2\pi})^{n}<\exp(-\sqrt{-1}\xi\cdot\gamma)\hat{f}_{1},\hat{f}_{2}>=\frac{1}{|\det(A)|}\int_{\mathrm{R}^{\mathfrak{n}}/\mathrm{Z}^{\mathfrak{n}}}\exp(-2\pi\sqrt{-1}\xi\cdot k)C(f_{1}, f_{2})(\xi)d\xi$




Proof. We have aformula
$\langle\exp(-\sqrt{-1}\xi\cdot Ak)\hat{f}_{1},\hat{f}_{2}\rangle=\int_{\mathrm{R}^{\mathfrak{n}}}\exp(-\sqrt{-1}A^{t}\xi\cdot k)\overline{f_{1}(\xi)}\overline{\overline{f_{2}(\xi)}}d\xi$
$=(2 \pi)^{n}\int_{\mathrm{R}^{\mathfrak{n}}}\exp(-2\pi\sqrt{-1}\xi\cdot Ak)f_{1}\hat{(2\pi\xi})^{=}f_{2}(2\pi\xi)ae$
$= \frac{1}{|\det(A)|}\int_{\mathrm{R}^{\mathfrak{n}}/\mathrm{Z}^{n}}\exp(-2\pi\sqrt{-1}\xi\cdot k)C(f_{1}, f_{2})(\xi)ae$ Cl
Note that the function $C( \overline{f_{1},f_{2})}(\xi)=C(f_{1}, f_{2})(\frac{A^{l}\xi}{2\pi})$ is
$2\pi\Gamma^{*}$
periodic.
Theorem 1Let $\varphi(x)\in L^{2}(\mathbb{R}^{||})$ . Then a system
$\{2\not\in_{\varphi(2^{j}x-\gamma);\gamma\in\Gamma\}}$
.
is an $0\hslash honomal$ basis of $V_{j}(j\in \mathbb{Z})$ if and $on/y$ if
$C(\overline{f_{1},f_{2})}(\xi)=|\det(A)|a.a.\xi\in \mathbb{R}^{n}$ .
Proof. It is sufficient to prove for $V_{0}$ . We have aformula,
$\langle\varphi(x-\gamma_{1}), \varphi(x-\gamma_{2})\rangle=(\frac{1}{2\pi})^{n}\langle\exp(-\sqrt{-1}\xi\cdot(\gamma_{1}-\gamma_{2}))\hat{\varphi},\hat{\varphi}\rangle$ (3)
With $\gamma_{j}=Ak_{j}(j=1,2)$ ,by Lemma $1,\mathrm{t}\mathrm{h}\mathrm{e}$ right hand side of equation
(3) is equal to
$\frac{1}{|\det(A)|}\int_{\mathrm{R}^{\mathfrak{n}}/\mathrm{Z}^{\mathfrak{n}}}\exp(-2\pi\sqrt{-1}\xi\cdot(k_{1}-k_{2}))C(\varphi,\overline{\varphi)(2\pi}A^{*}\xi)d\xi$ .
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If $C(\langle \mathrm{P}, \mathrm{r})(4)\ovalbox{\tt\small REJECT}$ $|\det(A\ovalbox{\tt\small REJECT}$ a.a., then the left hand side of equation (3) is
equal to $\mathrm{J}(\ovalbox{\tt\small REJECT} 7\mathrm{i}_{\mathrm{t}}\ovalbox{\tt\small REJECT})_{2}^{\ovalbox{\tt\small REJECT}})$.
Conversely, let the left hand side of equation (3) $\ovalbox{\tt\small REJECT} \mathit{6}\ovalbox{\tt\small REJECT} y_{t}$ , $\mathrm{v}_{2})$ .
Put
$C( \varphi, \varphi)(2\pi A^{*}\xi)=\sum_{l\in \mathrm{Z}^{\mathfrak{n}}}a(l)\exp(2\pi\xi\cdot l)$
then the right hand side of equation (3)
$= \frac{1}{|\det(A)|}\sum_{l\in \mathrm{Z}^{n}}\int_{\mathrm{R}^{n}/\mathrm{Z}^{\mathfrak{n}}}\exp(-2\pi\Gamma-1\xi\cdot(k_{1}-k_{2}-l))d\xi=\frac{a(k_{1}-k_{2})}{|\det(A)|}$ .
Hence, we get $a(0)=|\det(A)|$ , and $a(l)=0$ , $l\neq 0$ ,
i.e. $C(\varphi, \varphi)(\xi)=|\det(A)|$ , $\mathrm{a}.\mathrm{a}.’\in \mathbb{R}^{n}$ $\square$
Corollary 1WTien a system $\{\varphi(x-\gamma);\gamma\in\Gamma\}$ is an orthonor$mal$
basis of $V_{0f}$ we have a formula
$\sum_{\eta\in E}|m\mathrm{o}(\xi+\pi A^{*}\eta)|^{2}=1$ , $/or$ almost all $\xi\in \mathbb{R}^{n}$ , (4)





$= \sum_{k\in \mathrm{Z}^{n}}|m_{0}(\xi+\pi A^{*}k)|^{2}|\varphi(\overline{\xi+\pi}A^{*})|^{2}$
$= \sum_{\eta\in E}|m_{0}(\xi+\pi A^{*}k)|^{2}|\det(A)|$ .
$\square$
Now let $\{g(x-\gamma);\gamma\}$ be a $\mathrm{R}_{\acute{1}}\mathrm{e}\mathrm{s}\mathrm{z}$ basis of $V_{0}$ .





Then, the system $\langle 2\yen.\varphi(2^{\dot{f}}x-\gamma)\gamma\in\Gamma\rangle$ is an orthonormal basis of
$V_{\mathrm{j}}(j\in \mathbb{Z})$ by Theorem 1.
Our aim is to decompose $V_{j\dagger 1}$ as $V_{j+1}=Vj\oplus Wj(j\in \mathbb{Z})$ .
At first we consider the decomposition $V_{1}=V_{0}\oplus Wo$ .
Let $\psi_{\epsilon}(x)\in V_{1}$ , $\epsilon$ $\in E$ and put
$\hat{\psi_{\epsilon}(2\xi)}=m_{\epsilon}(\xi)\overline{\varphi(\xi)}$ .
, where $\psi(0,\ldots,0)(x)=\varphi(x)$ and $m_{\epsilon}(\xi)(\epsilon\in E)$ are $2\pi\Gamma^{*}-periodic$ .
Put
$m_{\epsilon}( \xi)=\sum_{\eta\in E}\exp(-\sqrt{-1}\xi\cdot A\eta)m_{\epsilon,\eta}(2\xi)$
With these notations, we have
Theorem 2The system $\langle\psi_{\epsilon}(x-\gamma)\gamma \in\Gamma, \epsilon \in E\rangle$ is an orthonormal
basis if and only if $\theta\iota e$ matrix
$U(\xi)=2^{\dot{\pi}}m_{\epsilon,\eta}(\xi))_{(e.\eta)\epsilon E^{2}}|$ (5)
is unitary for $a.a.\xi\in \mathrm{R}^{n}$











Thus it is sufficient to consider the integral $I:= \int_{1\mathrm{R}^{\mathfrak{n}}/2\pi\Gamma^{\mathrm{r}}}m_{\mathrm{e}}(\xi)\overline{m_{\eta}(\xi)}d\xi$
Now, for the integral $I$ , we have
$I= \sum_{\epsilon’}\sum_{\eta’}\int_{\mathrm{R}^{\mathfrak{n}}/2\pi\Gamma^{\mathrm{s}}}\exp(-\iota\xi\cdot A(\epsilon^{J}-\eta’))[m_{(\epsilon,\epsilon’)}(2\xi)\overline{m_{(\eta,\eta’)}(2\xi)}]d\xi$
$= \sum_{\epsilon’}\sum_{\eta’}\frac{1}{|\det(A)|}\int_{\mathrm{R}^{n}/2\pi \mathrm{Z}^{n}}\exp(-\iota\xi\cdot(\epsilon’-\eta’)[m_{(\epsilon,\epsilon’)}(2A^{*}\xi)\overline{m_{(\eta,\eta’)}(2A^{*}\xi)}]d\xi$
, whence we get the result. $[]$
On the other hand, we have aformula
$m_{\epsilon}( \xi+\pi A^{*}\eta)=,\sum_{\eta\in E}\exp(-\iota\xi\cdot-\iota\pi\eta\cdot\eta^{J})m_{(\epsilon,\eta’\rangle}(2\xi)$
,
where $\eta\in E$ . Define the matrix $\Lambda$ ,
$\mathrm{A}=((\exp(-\sqrt{-1}\pi\epsilon\cdot\eta))$ ,
then we have the identity $\Lambda\Lambda^{*}=2^{n}$ .
We have also the equation
$U(\xi)=2^{n}\tau diag((\exp(\sqrt{-1}\xi\cdot A\mathrm{g}’))\Lambda^{-1}((m_{\epsilon}(\xi+\pi A^{*}\eta))$ .
Thus, we get
Corollary 2The system $\langle\psi_{\epsilon}(x-\gamma);\gamma\in\Gamma, \epsilon \in E\rangle$ is an orthonor$m\iota d$
basis of $V_{1}$ if and only if the matrix
$(m_{\epsilon}(\xi+\pi A^{*}\eta))_{(\epsilon,\eta)\in E^{2}}$
is unitary for almost all $\xi\in \mathbb{R}^{n}$
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Example –Let A $\ovalbox{\tt\small REJECT}$ $(a_{k\ovalbox{\tt\small REJECT}})$ CE $GL(\mathrm{r}\mathrm{z}\ovalbox{\tt\small REJECT} \mathrm{R})$ and n $\ovalbox{\tt\small REJECT}$ $(a_{kj})_{\mathit{1}\ovalbox{\tt\small REJECT} k\ovalbox{\tt\small REJECT} n}$
$\mathrm{C}_{\ovalbox{\tt\small REJECT}}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ $1_{\mathrm{t}}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$
t n) Let $g(x)$ be the characteristic function of the
undamental domain O. of the associated lattice $\mathrm{t}^{\ovalbox{\tt\small REJECT}}$.
Wc have its Fourier transform $\mathrm{y}(4)\ovalbox{\tt\small REJECT}$
$\overline{g(\xi)}=$
, then the system $\langle\varphi(x-\gamma)\gamma\in\Gamma\rangle$ is an
$V_{0}$ Here we have the expression
$m_{0}( \xi)=\exp(-\frac{1}{2}\sqrt{-1}\sum_{k=1}^{n}\xi_{k}(\sum_{j=1}^{n}a_{jk}))\prod_{j=1}^{n}\mathrm{c}\mathrm{o}\mathrm{e}(\frac{\sum_{k=1}^{n}a_{jk}\xi_{k}}{2})$ .
corresponds to
obtained translating $\Omega_{A}$ to
the origin $\delta_{A}/2$ , where $\delta_{A}$ is the diagonal of $\Omega_{A}$
Let $n=2$ , and
$rh$ $=$ ( 00 ) , $\eta_{1}$ $=$ ( 01 ) $)$ $\eta_{2}$ $=$ ( 01 ) , $\eta_{3}$ $=$ ( 11 )






$\langle\psi_{0}(x-\gamma)$ , $\psi_{1}(x-\gamma)$ , $\psi_{2}(x-\gamma)$ , $\psi_{3}(x-\gamma);\gamma\in\Gamma$, $x\in \mathbb{R}^{2}\}$
defined as follows, is an orthonormal basis of $V_{1}$ , where $\psi_{0}(x)=\varphi(x)$
and
$\langle\psi_{1}(x-\gamma)\psi_{2}(x-\gamma), \psi_{3}(x-\gamma);\gamma\in\Gamma,$x $\in \mathbb{R}^{2}\rangle$
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is an orthonormal basis of $W_{0}$ ; for $j=0,1,2,3$
$\overline{\psi_{j}(2\xi)}=m_{j}(\xi)\overline{\varphi(\xi)}$ .
$\underline{Remark}$ : The factors $\exp(-\sqrt{-1}\xi\cdot A\eta_{3})$ , $\exp(-\sqrt{-1}\xi\cdot A\eta_{2})$ ,
and $\exp(-\sqrt{-1}\xi\cdot A\eta_{1})$ in $m_{1}(\xi)$ , $m_{2}(\xi)$ , and $m_{3}(\xi)$ could be of forms
$\exp(-\sqrt{-1}\xi\cdot Ak_{1})$ , $\exp(-\sqrt{-1}\xi\cdot Ak_{2})$ , and $\exp(-\sqrt{-1}\xi\cdot Ak_{3})$
$(,\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{p}\mathrm{e}\mathrm{c}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}\mathrm{l}\mathrm{y})$ as long as column vectors $k_{j}\in \mathbb{Z}^{2}(j=1,2,3)$
With the form $m_{j}( \xi)=\exp(-\frac{\xi\cdot A\eta_{3}}{2})m_{u,j}(\xi)(j=0,1,2,3)$ ,




























Now, in general , with the notation in Corolary 2, for $\eta\in\tilde{E}$
$E\backslash (0, \ldots,0)$ define
$W_{(j,\eta)}=\langle 2^{n}-\neq\psi_{\eta}(2^{j}x-\gamma);\gamma\in\Gamma\rangle(j\in \mathbb{Z})$ .
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